Abstract. The height at which an unloaded column will buckle under its own weight is the fourth root of the least eigenvalue of a certain Sturm{Liouville operator. We show that the operator associated with the column proposed by Keller and Niordson (The Tallest Column, J. Math. Mech., 16 (1966), pp. 433{446) does not possess a discrete spectrum. This calls into question their formal use of perturbation theory and so we consider a class of designs that permits a tapered summit yet still guarantees a discrete spectrum. Within this class we prove that the least eigenvalue increases when one replaces a design with its decreasing rearrangement. This leads to a very simple proof of the existence of a tallest column.
1. Introduction. Euler 4] , 5], posed and solved the problem of buckling of prismatic columns under self{weight. He found that a column, clamped at its base and free at its summit, could be built to a height of H c = 9EI In x2 we recall Keller and Niordson's formulation of the problem, their proposed tallest column, and present a proof that the associated spectrum is not discrete. In x3
we isolate an admissible class of designs that permits tapered ends and guarantees a discrete spectrum. Within this class we prove, in x4, the intuitively obvious, though technically elusive, fact that the least eigenvalue increases when one replaces a shape with its decreasing rearrangement. This leads to a very simple proof, in x5, of the existence of a tallest column.
The Work of Keller and Niordson.
Tapered cross{sections appear through the dependence of A on z, the distance from the clamped base. Assuming simply connected, geometrically similar cross{ sections we nd I(z) = A 2 (z) where is a geometric constant. If y(z) is the lateral de ection, from vertical, of the cross{section at z and EI(z)y 00 (z) is the associated bending moment then a balance of moments brings Niordson design,ã, is discrete below 25c and nondiscrete above 25c. We note that the result states that if (2.4) has spectrum below 25c then this spectrum is discrete. It remains to see whether any such design produces eigenvalues below 25c. Keller and Niordson's calculation of c = 1 =24 suggests that their design indeed gives rise to an isolated eigenvalue, 1 = 24c, just below the continuous spectrum. Their result however was predicated on the false assumption that (2.4) possessed a purely discrete spectra. Nevertheless, we now construct a concrete design of unit volume that satis es (2.5) and possesses at least one eigenvalue below 25c. Again, the main idea lies with Friedrichs 6] ; if there exists a function u for which u(0) = 0 and Although one may easily generalize this example we have not been able to produce an exact characterization of thoseã that satisfy (2.5) and possess at least one isolated eigenvalue. In other words, we have not been able to formulate a (large) class of admissible designs that accommodate Keller and Niordson's belief in cubic taper and presence of discrete spectra. In the interest of rigorously establishing the existence of a tallest column we have been compelled to exclude the possibility of cubic taper.
3. The Green's Function.
When the Green's function associated with the Euler problem is square integrable the associated Green's operator is compact on L 2 (0; 1) and therefore in possession of a discrete spectrum.
Following We now isolate a class of a that is rich enough to describe a large number of columns yet narrow enough to guarantee purely discrete spectra. On physical grounds it seems apparent that the tallest columns will be those that taper at their summit. We control the degree of taper by asking the cross-sectional area to lie in where h ; i denotes the standard L 2 (0; 1) inner product and k k denotes the associated norm. The maximum is attained at 1 = p wu 1 where u 1 is the rst eigenfunction of (2.4). As the boundary conditions on (2.4) are separated the standard oscillation theory implies that 1 (a) is simple and that u 1 may be assumed everywhere nonnegative. Our rst application of (3.1) is 3 , the second is Jensen's inequality, while the third uses the nonnegativity of a and the volume constraint (2.3). As Our second application of (3.1) states that the eigenvalues depend continuously on the Green's function. 4. Increasing Height via Decreasing Rearrangement.
Expecting that the most e cient use of material will start from a large base and su er a gradual diminution we here show that replacing a by its decreasing rearrangement can but increase 1 (a). We follow a line of reasoning, which, in our context, goes back to Krein 10] and Beesack & Schwarz 2]. The former considered the e ect of the rearrangement of mass density while the latter addressed the rearrangement of a potential term. Our problem, with the design variable appearing in a nonlinear fashion in the highest order term and in a nonlocal fashion in the lowest order term, is considerably more cumbersome. Our contribution amounts to striking upon a variational characterization of 1 (a) which permits the application of the methods of 10] and 2].
Recall that the decreasing rearrangement of a nonnegative function, f, on (0; 1) is simply f (x) supft > 0 : f (t) > xg; where f (t) = jfx 2 (0; 1) : f(x) > tgj is the measure of the set on which f exceeds t. The increasing rearrangement of f is simply f (x) f (1 ? x). It is not di cult to show that We remark that the nonnegativity of v leads to the nonincreasing of . The rst equality is a consequence of Proposition 4.2 with (t) = t ?2 . The nal equality follows directly from the de nition of v. 1 (a n ) ! (p) 1 . By (4.1) and Proposition 4.3 we may assume that each a n is nonincreasing and hence, by Helly's Selection Theorem, that there exists anâ and a subsequence (that we neglect to relabel) such that a n !â pointwise. It follows by dx and g(x; y; a n ) ! g(x; y;â):
Existence of a Tallest
By the Dominated Convergence Theorem it follows that g( ; ; a n ) ! g( ; ;â) in L 2 ((0; 1) (0; 1)). This implies, via Proposition 3.3 that 1 (a n ) ! 1 (â). But, by construction, 1 (a n ) ! (p) 1 , and so 1 (â) = (p)
1 .
